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Consider a linear differential equation
defined in a suitable region D with boundary B, and subject to the linear conditions
where L and M, are homogeneous linear differential operators, and q is appropriate to the particular problem. Here 4> is taken as a known piecewise continuous function in D. The functions X, are known on B. Now select a function w which has the following properties: 1) w is piecewise continuous in the highest derivatives appearing in L;
Then define e as
It is assumed that the original system was such that the above problem has a unique solution, and furthermore possesses a Green's function which does not change sign at any point of D. We have then
where x and £ represent points of the space in which we are working, regardless of dimension. Let Wi and w2 be two functions, each satisfying the conditions previously imposed on w. Corresponding to these are two functions e, and e2 . It is required in addition that 1) e2,/tx be continuous in 7); 2) e! not change sign in D;
3) one of the following inequalities holds NOTES [Vol. XVI, No. 3 We have then f G(x,^a ( If the exact forms of 8i and 82 were known, this would give the solution to the original problem. However, even though these forms are not known, the ratio is, by hypothesis, bounded.
Since e2/ei is bounded away from unity in D it follows that -w2 is always of one sign in D, as will be determined by the sign of G. So the second term in the above expression for u may be bounded in D by replacing the denominator by its minimum and maximum values. Define Ui and u2 by Ut = Wx + (ifl! -i0a)/(Af -1) u2 = Wt + (t0! -Wt)/(m -1).
The true value of u must lie between ux and u2 .
The "efficiency" of these bounds may be defined as the spread between them, given by
This formula shows the curious fact that very good bounds may be obtained from functions Wi and w2 which are themselves poor approximations to u. As one example of this method consider the Bessel equation u" + u'/x + 4w = 0 in 0 < x < 1, subject to u(0) = 1. We use the 0 < x < 1 range to satisfy the conditions imposed on the Green's function. The solution to this problem is u -Jn(2x). As approximating functions we take i0i = 1 w2 = 1 -1.1167a:2 + .3570a:3. This is the classical problem of the torsion of an elliptic cylinder. It should be noted in passing that the results presented here are obtainable under the weaker assumption of only piecewise continuity for 62/«, .
